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Fermionic functional renormalization group (f-FRG) is applied to describe Bose-Einstein
condensation (BEC) of dimers for a two-component fermionic system with attractive
contact interaction. In order to describe the system of dimers without introducing aux-
iliary bosonic fields (bosonization), we propose a new exact evolution-equation of the
effective action in f-FRG with an infrared regulator for the fermion vertex. Then we
analyze its basic properties in details. We show explicitly that the critical temperature
of the free Bose gas is obtained naturally by this method without bosonization. Methods
to make systematic improvement from the deep BEC limit are briefly discussed.
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1. Introduction
Recent developments in the field of ultracold atomic gases continue to stimulate various
areas of physics. Since the Feshbach resonance technique enables to tune the inter-atomic
interactions with a high controllability, one can experimentally simulate quantum systems in
a very idealistic situation. Especially, it is important to point out that ultracold atomic gases
provide a realization of the Bardeen-Cooper-Schrieffer (BCS) to Bose-Einstein condensation
(BEC) crossover for a two-component fermionic system with attractive interaction [1–4], as
theoretically predicted from the mean-field type calculations [5–7].
The BCS-BEC crossover is a crossover phenomenon from the BCS superfluid for weakly-
coupled Fermi liquid to the BEC for tightly-bound composite bosons as the attraction
between fermions becomes stronger. In order to reveal thermodynamic properties of this
crossover phenomenon, various kinds of non-perturbative analysis of quantum field the-
ory have been developed, including Monte-Carlo simulations [8–12], the ε-expansion [13],
the functional renormalization group approach with auxiliary bosonic field [14–18], and the
self-consistent t-matrix method [19–22].
Functional renormalization group (FRG) [23–25] is a non-perturbative tool in quantum
field theory. By introducing appropriate bosonic fields, FRG provides systematic studies of
the second-order phase transition. Since both the large-size Cooper pairs in the BCS limit
and the tightly bound dimers in the BEC limit in the BCS-BEC crossover behave as effective
bosonic fields, FRG with auxiliary field method has been widely applied to describe the BCS-
BEC crossover. However, the auxiliary field method requires some knowledge of the ground
state property of the system, so that the choice of the auxiliary fields is not known a priori.
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The purpose of this paper is to develop fermionic FRG (f-FRG) to study the BCS-BEC
crossover: An advantage of f-FRG is to provide us with systematic and unbiased analysis of
interacting fermionic systems [26–28]. In our previous paper [29, 30], the BCS theory and its
Gorkov and Melik-Barkhudarov correction are reproduced within f-FRG. Furthermore, the
effect of the self-energy correction to the f-FRG flow equation is discussed in details in the
BCS side. In this paper, we will consider the opposite side, i.e. the BEC side of the BCS-
BEC crossover, within the f-FRG formalism. This is a non-trivial problem, since low-energy
excitations are one-particle excitations of composite bosons, while fermionic excitations are
highly suppressed due to the binding energy. Therefore, naive f-FRG formalism without aux-
iliary bosons is not suitable to describe the BEC limit, because it only suppresses fermionic
excitations by introducing an IR regulator in the fermion propagator.
In this paper, we propose a new evolution equation of f-FRG in the BEC regime by
introducing an IR regulator in the four-fermion vertex (vertex IR regulator). The structure
of the new flow equation for a non-relativistic fermionic system is studied in details. In
the limit where the dimer density is low enough, the coupled flow equations for the four-
point vertex and the fermion self-energy are solved, and the critical temperature of the free
Bose gas is reproduced without bosonization. Methods to go beyond the free gas limit in a
systematic way are also discussed.
The organization of this paper is as follows. In Sec.2, we will find an appropriate start-
ing point of f-FRG describing the BEC of composite bosons. After defining a fermionic
field theory for the two-component fermionic system with attractive contact interaction,
its equivalent bosonic description is reviewed to find out low-energy degrees of freedom in
the BEC limit. Introducing an IR regulator in a bosonic propagator in the BEC limit, we
derive a vertex IR regulator for the corresponding fermionic field theory. In Sec.3, we first
develop a FRG formalism with the vertex IR regulator and derive its flow equation for the
self-energy and the four-point vertex function in Sec.3.1. Since we are interested in the low-
density system, we solve the flow equation for the four-point vertex function in the vacuum
in Sec.3.2. The self-energy correction is very important to take into account the existence
of composite bosons in evaluating the particle number density. Therefore, in Sec.3.3 we will
derive an approximate solution for the self-energy flow equation of our f-FRG formalism in
order to derive the BEC critical temperature Tc of free Bose gas. In Sec.3.4, methods to
make systematic improvement from the deep BEC limit are briefly discussed. In Sec.4, we
summarize our result and also give concluding remarks.
2. Derivation of the vertex IR regulator
Let us consider the non-relativistic two-component fermions ψ =
(
ψ↑
ψ↓
)
with a contact
interaction:
Sf [ψ,ψ] =
∫ β
0
dτ
∫
d3x
[
ψ
(
∂τ − ∇
2
2m
− µ
)
ψ(x) + gψ↑ψ↓ψ↓ψ↑(x)
]
, (1)
with β(= 1/T ) the inverse temperature, µ the chemical potential, m the fermion mass, and
g the bare coupling constant. The ultraviolet (UV) regularized form of (1) in the momentum
2/12
space is given by
Sf [ψ,ψ] =
∫ (T )
p
ψpG
−1(p)ψp + g
∫ (T )
p
e−ip
00+
∫ (T )
q,q′≤Λ
ψ↑,p/2+qψ↓,p/2−qψ↓,p/2−q′ψ↑,p/2+q′ ,
(2)
where G−1(p) = ip0 + p2/2m− µ with p = (p0,p), ψσ,p denotes Fourier coefficient of ψσ(x),∫ (T )
p =
∫ d3p
(2pi)3
1
β
∑
p0 , and “≤ Λ” in the relative momentum integration denotes the spatial
momentum UV cutoff for q and q′. Renormalization condition can be denoted for the bare
coupling g using the scattering length as as g
−1 = m4pias − mΛ2pi2 . Since our interest is in the
BEC limit, we will concentrate on analyzing the physics when as is positive: as > 0.
In order to set up a new f-FRG formalism applicable to the BEC side of the BEC-BCS
crossover, we need to find an appropriate infrared (IR) regulator to control the tightly bound
fermion pairs (dimers). For the purpose to find such an IR regulator, we will first review,
in Sec.2.1, the derivation of the critical temperature Tc for the free Bose gas starting from
the bosonized version of (1). This enables us to identify the correct low-energy degrees of
freedom to be regulated in the bosonized theory, and hence in the original fermionic theory.
With such knowledge, we introduce, in Sec.2.2, a vertex IR regulator which plays a key role
to control the dimer excitations of the original fermionic theory.
2.1. Brief review on Tc in the deep BEC limit
In order to find out low-energy degrees of freedom in the BEC side, we give a brief review of
the calculation of Tc within the low-density approximation of dimers. For this purpose, we
once introduce an equivalent bosonic description of the fermionic field theory defined in (2).
Using the Hubbard-Stratonovich transformation [31, 32], we can introduce the bosonic
auxiliary field ∆(x) to rewrite (2) as
Sb+f [ψ,ψ,∆
∗,∆] =
∫ (T )
p
ψpG
−1(p)ψp − 1
g
∫ (T )
p
e−ip
00+∆∗p∆p
+
∫ (T )
p
e−ip
00+
(
∆∗p
∫ (T )
q≤Λ
ψ↓,p/2−qψ↑,p/2+q + h.c.
)
, (3)
where “h.c.” denotes the Hermitian conjugate of the first term in the large parenthesis. By
integrating out fermions, we can find the bosonic action Sb[∆
∗,∆]:
Sb[∆
∗,∆] =
∫ (T )
p
Γ
(2)
b (p)∆
∗
p∆p +
1
22
∫ (T )
p,q,q′
Γ
(4)
b (p; q, q
′)∆∗p/2+q∆
∗
p/2−q∆p/2−q′∆p/2+q′ + · · · .
(4)
The explicit formula for Γ
(2)
b is given as
Γ
(2)
b (p) = −
{
m
4pias
+
∫
d3q
(2pi)3
[
1− nF ( (p/2−q)
2
2m − µ)− nF ( (p/2+q)
2
2m − µ)
q2/m+ (ip0 + p2/4m− 2µ) −
1
q2/m
]}
, (5)
with nF the Fermi-Dirac distribution function. Since the self-energy correction to the bosonic
classical propagator (5) becomes smaller in the low-density limit, the critical point of the
superfluid phase transition is given by Γ
(2)
b (p = 0) = 0 when the density n is small enough:
(n1/3as)
−1 → +∞. Since as > 0, the fermionic chemical potential µ must be negative for
this condition. Up to an exponentially small correction in terms of β/(ma2s), this requires
that µ = −1/(2ma2s), which is exactly half of the binding energy of the composite boson in
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the vacuum. Within the same order approximation, Γ
(2)
b (p) can be replaced by the bosonic
propagator in the vacuum:
Γ
(2)
b (p) ' Γ(2)b (p)
∣∣∣
T=0,µ=−1/2ma2s−0+
=
m
4pias
(√
1 +ma2s
(
ip0 +
p2
4m
)
− 1
)
. (6)
With this approximation, we can indeed obtain the BEC transition temperature of free Bose
gas: Tc/εF =
(
2/(9piζ(3/2)2)
)1/3
= 0.218 . . . with εF = (3pi
2n)2/3/(2m) and n the particle
number density.
2.2. Vertex IR regulator in f-FRG
We can now give a definition of a vertex IR regulator for the fermionic field theory to study
the BEC side of the BCS-BEC crossover. In order to find an appropriate starting point of
our new formalism of f-FRG which can describe the deep BEC limit, we need to regulate
low-energy one-particle excitations of dimers. Obeying the general strategy of FRG, we add
the IR regulator δSb,k[∆
∗,∆] to Sb+f in (3), which suppresses low-energy dimer excitations
with excitation energy . k2/4m:
δSb,k[∆
∗,∆] =
∫ (T )
p
Rk(p)∆
∗
p∆p. (7)
A typical example of the IR regulating function Rk is Litim’s optimized regulator [33]:
Rk(p) =
m2as
8pi
(
k2
4m
− p
2
4m
)
θ(k2 − p2). (8)
By integrating out the bosonic degrees of freedom from Sb+f [ψ,ψ,∆
∗,∆] + δSb,k[∆∗,∆],
we can find the IR regulating term δSf,k[ψ,ψ] in the original fermionic field theory:
exp (−[Sf + δSf,k]) =
∫ D∆∗D∆ exp (−[Sb+f + δSb,k]). This functional integration can be
done exactly, and δSf,k is obtained as a quartic term instead of the frequently used two-point
IR regulating function:
δSf,k[ψ,ψ] =
∫ (T )
p
g2Rk(p)
1− gRk(p)e
−ip00+
∫ (T )
q,q′≤Λ
ψ↑,p/2+qψ↓,p/2−qψ↓,p/2−q′ψ↑,p/2+q′ . (9)
This is an explicit definition for our vertex IR regulator of f-FRG. We will denote the coef-
ficient in (9) as gk(p): gk(p) = g
2Rk(p)/(1− gRk(p)). In the limit k →∞, the IR regulator
δSf,k is the negative of the interaction part of the classical action Sf since gk=∞(p) = −g,
and thus the system becomes free theory when k =∞. This argument suggests us to use
a vertex IR regulator in order to suppress low-energy excitations in the BEC limit within
f-FRG formalism, and the flow starts from the free fermionic theory and converges to the
weakly interacting bosonic theory.
3. Fermionic FRG formalism for bosonic fluctuations
Motivated by the analysis in Sec.2.2, we first derive a new exact evolution equation of f-
FRG with a vertex IR regulator in this section. Structure of the flow equation is studied in
a general way, and the new formalism of f-FRG is applied to describe the BEC of dimers
without bosonization. Since we are interested in a low-density system, the flow of the four-
point vertex is calculated in the vacuum limit, and the self-energy flow is solved within a
first order approximation in terms of the density.
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3.1. FRG with a vertex IR regulator
In this subsection, we describe the general formalism of FRG with the vertex IR regulator,
not specific to a fermionic field theory. We consider a field theory with a classical action S[φ]
of a field φ, which contains a bare propagator and a four-point vertex:
S[φ] =
1
2
φα1G
−1,α1α2φα2 +
1
4!
gα1α2α3α4φα1φα2φα3φα4 , (10)
where αi denotes the label to be summed up, such as space-time coordinates, particle species,
and internal degrees of freedom. We add a vertex IR regulating term δSk, which depends on
a parameter k smoothly, to this action:
δSk[φ] =
1
4!
gα1α2α3α4k φα1φα2φα3φα4 , (11)
with the boundary conditions gk=∞ = −g and gk=0 = 0. The k-dependent Schwinger
functional Wk[J ] is defined as
exp(Wk[J ]) =
∫
Dφ exp (− (S[φ] + δSk[φ]) + Jαφα) (12)
with J the external source. The flow of Wk[J ] is determined by
∂kWk[J ] = − exp (−Wk[J ]) (∂kδSk)
[
δL
δJ
]
expWk[J ], (13)
where δL/δJ denotes the left-derivative in terms of J . Substitution of (11) into (13) gives
∂kWk[J ] = − 1
4!
∂kg
α1α2α3α4
k
(
δLWk
δJα1
δLWk
δJα2
δLWk
δJα3
δLWk
δJα4
+ 6
δ2LWk
δJα1δJα2
δLWk
δJα3
δLWk
δJα4
+ 3
δ2LWk
δJα1δJα2
δ2LWk
δJα3δJα4
+ 4
δ3LWk
δJα1δJα2δJα3
δLWk
δJα4
+
δ4LWk
δJα1δJα2δJα3δJα4
)
. (14)
We define the k-dependent one-particle-irreducible (1PI) effective action Γk[ϕ] as the
Legendre transformation
Γk[ϕ] = J
α
k [ϕ]ϕα −Wk[Jk[ϕ]], (15)
where Jk[ϕ] is defined as the inverse function of δLWk[J ]/δJ = ϕ. This is the generating
functional of 1PI vertex functions at scale k. Since δSk=0[φ] = 0, Γk[ϕ] converges to the 1PI
effective action of the original theory at k = 0. On the other hand, since δSk=∞[φ] is the
negative of the interaction term in S[φ], the flow of FRG with the vertex IR regulator starts
from the free theory:
Γk=∞[ϕ] =
1
2
ϕα1G
−1,α1α2ϕα2 . (16)
Since the general property of the Legendre transformation (15) indicates that ∂kΓk[ϕ] =
−(∂kWk)[Jk[ϕ]], the flow equation of Γk[ϕ] is determined as
∂kΓk[ϕ] =
1
4!
∂kg
α1α2α3α4
k
(
ϕα1ϕα2ϕα3ϕα4 + 6ϕα1ϕα2Gk,α3α4 + 3Gk,α1α2Gk,α3α4
+ 4ϕα1Gk,α2β2Gk,α3β3Gk,α4β4Γ
(3),β2β3β4
k +Gk,α1β1Gk,α2β2Gk,α3β3Gk,α4β4Γ
(4),β1β2β3β4
k
+ 3Gk,α1β1Gk,α2β2Gk,α3β3Gk,α4β4Gk,γ1γ2Γ
(3),β1β2γ1
k Γ
(3),γ2β3β4
k
)
, (17)
with Gk[ϕ] =
(
δL
δϕ
δR
δϕΓk[ϕ]
)−1
the field dependent propagator, and Γ
(n)
k [ϕ] the n-th functional
derivative of Γk[ϕ]. By taking the vertex expansion of the 1PI effective action Γk[ϕ] in terms
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∂k = + + + +
Fig. 1 Flow equation of the self-energy Σk within fourth-order vertex expansion. The
square boxes represent 1PI vertex functions Γ
(4)
k , and the blobs denote ∂kgk. Each line
represents the dressed propagator (G−1 − Σk)−1 at the scale k.
∂k = + + + +
+ + + +
Fig. 2 Flow equation of the four-point 1PI vertex function Γ
(4)
k within fourth-order vertex
expansion. The symbols are the same in Fig.1.
of fields ϕ in (17), we can obtain the flow equation for each 1PI vertex function. Expanding
Γk[ϕ] up to fourth order, we can obtain the diagrammatic expression of the flow equation
for the self-energy Σk = G
−1 − Γ(2)k [ϕ = 0] and for the four-point vertex function Γ(4)k [ϕ = 0]
as in Fig. 1 and in Fig.2, respectively.
3.2. Flow of the four-point vertex in the vacuum
Before applying the f-FRG formalism with a vertex IR regulator to BEC of composite
bosons, we first consider its flow in the vacuum. This situation can be realized by taking
µ = −1/(2ma2s)− 0+ and the limit T → 0. In this limit, all the diagram which contains
a closed loop of fermions vanishes automatically, since there are no antiparticles in non-
relativistic physics. Therefore, the fermionic self-energy correction Σk(p) vanishes since all
the diagram in Fig.1 must contain a closed fermion loop: Σk ≡ 0.
Let us consider the f-FRG flow of four-point vertex function. For the flow equation of the
four-point vertex function, the first three types of diagrams with particle-particle loops in
the r.h.s. of Fig.2 survives in the vacuum limit and the other diagrams drop out. Therefore,
its diagrammatic expression is greatly simplified and given in Fig.3. We denote the four-
point vertex as Γ
(4)
k (p; q, q
′), with p the center-of-mass momentum and q and q′ the relative
momentum of in- and out-going particles, respectively. Then, the analytic form of the flow
equation is given by
∂kΓ
(4)
k (p; q, q
′) = ∂kgk(p)−
∫ (T )
l≤Λ
(
(∂kgk)(p)Γ
(4)
k (p; l, q
′)
G−1(p2 + l)G
−1(p2 − l)
+
Γ
(4)
k (p; q, l)(∂kgk)(p)
G−1(p2 + l)G
−1(p2 − l)
)
+
∫ (T )
l,l′≤Λ
Γ
(4)
k (p; q, l)(∂kgk)(p)Γ
(4)
k (p; l
′, q′)
G−1(p2 + l)G
−1(p2 − l)G−1(p2 + l′)G−1(p2 − l′)
. (18)
Since there are no explicit relative momentum dependence in the flow equation (18) and in
6/12
∂k = + + +
Fig. 3 Flow equation of the four-point vertex function in the vacuum.
∂k = + + +
Fig. 4 Approximate flow equation of the self-energy for a low-density system.
the initial condition at k =∞, the solution does not have q and q′ dependences either. From
now on, we therefore denote Γ
(4)
k (p) ≡ Γ(4)k (p; q, q′). We define a p-dependent function M(p)
by
M(p) =
∫ (T )
l≤Λ
1
G−1(p2 + l)G
−1(p2 − l)
=
∫ Λ
0
d3l
(2pi)3
1
l2/m+ (ip0 + p2/4m− 2µ) , (19)
then the flow equation (18) takes the form
∂kΓ
(4)
k (p) = ∂kgk(p)
[
M(p)Γ
(4)
k (p)− 1
]2
. (20)
We can integrate the differential equation (20) with the initial conditions Γ
(4)
k=∞(p) = 0 and
gk=∞(p) = −g so as to find that
1
Γ
(4)
k (p)
=
1
g
−Rk(p) +M(p) = −
(
Γ
(2)
b (p) +Rk(p)
)
. (21)
Therefore, the fermionic four-point vertex function Γ
(4)
k (p) represents the inverse propagator
of composite bosons when k = 0, and the IR regulating function Rk(p) correctly suppresses
the low-energy bosonic excitations as we expected.
3.3. Flow of the self-energy of f-FRG in the BEC limit
Let us consider the many-body effect of the fermionic self-energy to find the number density
of particles in the BEC limit. In this section, we do not take into account the many-body effect
for the four-point function and approximate its flow equation by the one discussed in Sec.3.2.
This approximation corresponds to the particle-particle random phase approximation (PP-
RPA), if the self-energy correction in the fermionic propagators in each diagram of Fig.3 is
neglected.
Since we are interested in the low-density system, the flow equation for the self-energy
in Fig.1 can be simplified as follows. Since each closed particle loop produces the particle
number density, the diagrams only with a single closed loop must give the dominant con-
tribution. Therefore, the fourth and fifth diagrams in the r.h.s. of Fig.1 are negligible for
low-density systems, and the flow equation of the self-energy can be simplified as in Fig.4.
By substituting the solution Γ
(4)
k (p) of the flow equation for four-point function in Fig.3 into
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the flow of self-energy in Fig.4, we can find that
∂kΣk(p) =
∫ (T )
l
∂kΓ
(4)
k (p+ l)
G−1(l)− Σk(l) . (22)
By neglecting the self-energy in the r.h.s. of (22), we can readily solve this differential
equation. In this approximation, the solution of the flow equation (22) is given by
Σk(p) =
∫ (T )
l
Γ
(4)
k (p+ l)
G−1(l)
'
∫
d3q
(2pi)3
(8pi/m2as)nB
(
q2/4m+ R˜k(q)
)
ip0 + q2/4m+ R˜k(q)− (q + p)2/2m− 1/2ma2s
, (23)
with nB the Bose-Einstein distribution function, µ = −1/2ma2s, and R˜k = 8pim2aSRk. Details
of the calculations can be found in Appendix A. This approximation can be justified by
comparison of magnitude between Σk and µ. Even for small k compared with the scale of
temperature, the magnitude of the self-energy can be estimated as
|Σk(p)| . 1
2ma2s
× (
√
2mTas)
3 × nB(k2/4m), (24)
which is much smaller than that of the chemical potential |µ| = 1/(2ma2s) when as → 0+ as
long as nB(k
2/4m) ∼ 1. Therefore, Σk in the r.h.s. of (22) is negligible for the most part of
the flow in the deep BEC limit. Indeed, the critical value kc of this approximation would be
estimated as (k2c/2m)/T ∼ (
√
2mTas)
3 ∼ na3s  1.
In the following, instead of more sophisticated quantitative analysis, we discuss qualitative
behaviors of the flow of f-FRG with the vertex IR regulator in the deep BEC limit. According
to the above argument, we approximate the flow of the self-energy and the four-point vertex
as
Σk(p) =
∫
d3q
(2pi)3
(8pi/m2as)nB
(
q2/4m+ R˜k(q)− µd
)
ip0 + q2/4m+ R˜k(q)− (q + p)2/2m− 1/2ma2s − µd/2
, (25)
Γ
(4)
k (p) = −
8pi/m2as
ip0 + p2/4m− µd + R˜k(p)
. (26)
Here we introduced µd as µ = −1/2ma2s − µd/2. The Thouless criterion of the superfluid
phase transition [34] is given by the divergence of Γ
(4)
k=0(p) at the zero center of mass momen-
tum p = 0, which implies that µd = 0, or µ = −1/2ma2s. In order to determine the ratio
between the critical temperature Tc and the Fermi energy εF , we must calculate the number
density n of fermions. In this formulation, it is determined as
n =
∫ (T )
p
−2e−ip00+
G−1(p)− Σ0(p) . (27)
When we expand the integrand in terms of Σ0(p), the main contribution of this integration
comes from the term G(p)Σ0(p)G(p), which gives
n ' 2
∫
d3q
(2pi)3
nB(q
2/4m) =
(2mTc)
3/2
pi2
√
pi
2
ζ(3/2). (28)
Details of this calculation is also given in Appendix A. We get the critical temperature
Tc/εF = 0.218..., which is nothing but the BEC transition temperature of free Bose gas.
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3.4. Systematic improvement from the deep BEC limit
In Sec.3.3, we derived an approximate solution of the f-FRG flow equation to describe BEC
of free Bose gas in the deep BEC limit. In this subsection, we discuss the possibility of
quantitative and systematic improvement of approximations to describe BEC of interacting
Bose gas in the BEC side of the BCS-BEC crossover.
Since each closed loop in a Feynman diagram produces a factor related to the number
density, we would be able to construct a systematic expansion with a parameter na3s by
analyzing the loop structure of diagrams. Its lowest order approximation is given in pre-
vious subsections and describes the BEC of free Bose gas. This kind of study will open a
way to understand how thermodynamic properties can be different between the systems of
elementary bosons and of composite bosons.
As we take into account the higher order correction in terms of the number density, con-
tribution from higher-point vertex functions must appear. Therefore, we must solve the
scattering problem in the vacuum for the six- and eight-point vertex functions using the
f-FRG flow equation as we have done for the four-point vertex in Sec.3.2. As in the case of
the FRG with two-point IR regulators, the flow equation may not be closed in its original
form even for non-relativistic scattering problems. The flow equation of few-body physics,
however, can be rewritten in a closed one by classifying the structure of higher-point 1PI
vertices [35, 36]. The same proof can be done for the FRG with the vertex IR regulator,
which will be reported elsewhere. Therefore, the atom-dimer and dimer-dimer scatterings
are calculable within our framework of FRG, and their effects can be taken into account for
many-body theories.
In order to follow this program of including the effect of higher-point vertices, the numerical
calculations of the flow equation would be required. However, as we can see from the coef-
ficient of the vertex IR regulator, gk = g
2Rk/(1− gRk), each term of the flow equation can
depend on the bare coupling g and UV cutoff Λ. It is of great importance to develop a tech-
nique to perform the UV renormalization of our new flow equation not only for completeness
of theoretical frameworks but also for numerical computation.
4. Summary and Conclusion
We proposed a new formalism of fermionic FRG (f-FRG) which can describe the deep BEC
limit of an interacting fermion system. In order to suppress low-energy one-particle excita-
tions of dimers, we introduced a vertex IR regulator in the four-fermion interaction instead
of a usual IR regulator in the fermion propagator. The exact evolution equation of f-FRG
with the vertex IR regulator is derived and its structure is analyzed in details.
This new formalism of f-FRG is applied to the two-component resonantly-interacting
fermionic system with a positive scattering length. We first solve the flow of the four-
point vertex function in the vacuum, and explicitly show that the four-point function is
an IR-regularized propagator of a dimer. Since the low-energy excitations are suppressed
appropriately, the fermionic self-energy correction turns out to be small compared with
the chemical potential for the most part of the f-FRG flow in the deep BEC regime. This
enables us to treat complicated momentum dependence of the self-energy by solving the
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flow equation with some plausible approximations, which is important to calculate the num-
ber density within the framework of fermionic field theories. The BEC critical temperature
Tc/εF = 0.218 of the free Bose gas is obtained based on f-FRG without bosonization.
We also discussed the possible direction of improvement to go beyond the free Bose gas
limit. Analysis of the loop structure of each diagram will provide a systematic approximation
of the flow equation in the low-density limit. For such quantitatively sophisticated analysis,
some numerical calculations of the flow equation is necessary, and it becomes important to
rewrite the flow equation with the vertex IR regulator into a suitable form of numerical
computations.
As a concluding remark, let us discuss the possibility of f-FRG to describe the whole region
of the BCS-BEC crossover. If we tried to describe the BCS side using f-FRG with the vertex
IR regulator, the RG flow would be difficult to control due to the existence of low-energy
fermionic excitation. In the BCS region, fermionic FRG with the IR regulator inside the
fermion propagator gives a suitable description of the low-energy physics by taking into
account the effect of Fermi surface. It enables to describe the BCS theory and its Gorkov
and Melik-Barkhudarov correction, and to systematically exceed those conventional theories
of superfluidity [29, 30]. In the BEC region, the vertex IR regulator controls the FRG flow so
as to describe the BEC of composite particles, as discussed in this paper. Therefore, in order
to describe the whole region of the crossover, combining these two techniques of fermionic
FRG is promising since this make all kinds of low-energy degrees of freedom under control
of the FRG flow. This work is now in preparation and will be reported elsewhere.
A. Supplement of calculations in Sec.3.3
We will show details of calculations for Σ and n. For simplicity, we put µ = −1/2ma2s and
use the unit 2m = 1. Analytic form of the approximate solution of the flow equation (22) is
given by
Σ0(p) =
∫ (T )
l
Γ
(4)
k (p+ l)
G−1(l)
= −16pi
as
∫ (T )
l
e−il
00+
1 +
√
1 + a
2
s
2 (il
0 + ip0 + (p+ l)2/2)
[il0 + l2 + 1/a2s][il
0 + ip0 + (p+ l)2/2]
. (A1)
Let us perform the Matsubara sum, which gives
1
β
∑
l0
1 +
√
1 + a
2
s
2 (il
0 + ip0 + (p+l)
2
2 )
[il0 + l2 + 1a2s
][il0 + ip0 + (p+l)
2
2 ]
= − 2nB
(
(p+ l)2/2
)
ip0 + (p+ l)2/2− l2 − 1/a2s
(A2)
− nF (l2 + 1/a2s)
1 +
√
a2s
2 (ip
0 + (p+l)
2
2 − l2 + 1a2s )
ip0 + (p+ l)2/2− l2 − 1/a2s
+
∫
C2
dω
2pii
−1
eβω + 1
1 +
√
1 + a
2
s
2 (−ω + ip0 + (p+l)
2
2 )
[−ω + l2 + 1a2s ][−ω + ip0 +
(p+l)2
2 ]
,
where C2 is the contour wrapping around the branch cut {x+ ip0 ∈ C|x ≥ (p+ l)2/2 +
2/a2s} of the squared root in the integrand. The second and third terms in the right hand of
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(A2) are exponentially suppressed in the limit β/a2s →∞. Let us neglect these higher order
corrections to get the formula corresponding to (23):
Σ0(p) =
16pi
as
∫
d3l
(2pi)3
2nB
(
(p+ l)2/2
)
ip0 + (p+ l)2/2− l2 − 1/a2s
. (A3)
We can now evaluate the number density n via the formula (27) using the self-energy given
by (A3):
n '
∫ (T )
p
(−2)G(p)Σ0(p)G(p)
= −2
∫
d3p
(2pi)3
d3l
(2pi)3
1
β
∑
p0
(32pi/as)nB
(
(p+ l)2/2
)
[ip0 + p2 + 1a2s
]2[ip0 + (p+l)
2
2 − l2 − 1a2s ]
. (A4)
We here expand the full propagator in terms of the self-energy Σ(p) in this expression and
extract the dominant contribution. The Matsubara sum gives
1
β
∑
p0
1
[ip0 + p2 + 1a2s
]2[ip0 + (p+l)
2
2 − l2 − 1a2s ]
' −nF
(
(p+ l)2/2− l2 − 1/a2s
)
[ (p+l)
2
2 − l2 − p2 − 2a2s ]2
, (A5)
where we again neglect exponentially small contributions in terms of β/a2s. We obtain that
n = 2
∫
d3P
(2pi)3
nB
(
P 2
2
)∫
d3q
(2pi)3
32pi
as
nF (
P 2
2 − (P2 − q)2 − 1a2s )
[(2q)2/2 + 2/a2s]
2 . (A6)
Here we have changed integration variables so that P = p+ l and q = (p− l)/2. Let us
evaluate the integration over the relative momentum q. Since we may approximate the Fermi
distribution function as nF (−q2 − 1/a2s) ' 1, the relative momentum integration gives one:∫ d3q
(2pi)3
32pi/as
[2q2+2/a2s]
2 = 1. Therefore, the number density n is given by (28).
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